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motivation

Rewriting systems, automatic structures:

Idea: be able to compute efficiently in a group/monoid

– algorithm to compute normal forms efficiently
– algorithm to solve the word problem efficiently
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structure

A structure is a tuple

A =
(
A,Pn00 , . . . ,P

nk
k , f

m0
0 , . . . , f ntt ,

)
where

– A is a set called the domain of the structure
– Pnii is an ni-ary relation on A (some subset of A× · · · × A)

– fmj
j is a function fmj

j : Amj → A

You can easily turn any structure into one that only has a domain
and relations: replace fmj

j by its graph

Graph(fmj
j ) = {(a1, . . . ,amj ,a) | ai ∈ A, f

mj
j (a1, . . . ,amj) = a}.
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examples of structures

successor: the structure ({1}∗, S,≤), where S(1n) = 1n+1 and 1n ≤ 1m

iff n ≤ m for n,m ∈ N

group: (A, ◦,=) where A is some set surjecting onto a group G, ◦ is
the relation {(u, v,w) | uv =G w} 1 and = checks equality
{(u, v) | u =G v}.

labeled directed graph: (V, E) with edges labeled by elements from a
finite set S = {s1, . . . , sk} can be encoded as a structure:

C =
(
V, E2s1 , . . . , E

2
sk
)

where E2si = {(x, y) | x, y ∈ V and the label of (x, y) is si ∈ S}.

1or a function ◦ : A2 → A
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languages: convolution

Let Λ be a finite set (alphabet) and # 6∈ Λ.

If u = u1, . . . ,um, , v = v1 . . . vn,ui, vi ∈ Λ, then define u⊗ v to be(
u1
v1

)
. . .

(
um
vm

)(
#

vm+1

)
. . .

(
#

vn

)
;m ≤ n

and (
u1
v1

)
. . .

(
un
vn

)(
un+1
#

)
. . .

(
um
#

)
;m > n

If L1, L2 ⊆ Λ∗, define L1 ⊗ L2 = {u⊗ v | u ∈ L1, v ∈ L2}.
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structures described by languages

Suppose
A =

(
A,Pn00 , . . . ,P

nk
k , f

m0
0 , . . . , f ntt ,

)
is a structure with A ⊆ Λ∗.

Then denote by L(Pnii ) and L(Graph(f
mj
j )) the languages of all

convolution products obtained from the tuples.
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fa-recognisable

A language L ⊆ Λ∗ is called FA-regonisable if it is accepted by an NFA

Eg successor: ({1}∗, S,≤), Λ = {1}

– {1}∗ is FA-recognisable
– S = {(1n, 1n+1) | n ∈ N} so L(S) is FA-recognisable
– ≤= {(1n, 1m) | n ≤ m} so L(≤) is FA-recognisable
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automatic

Let Λ be a finite set (alphabet) and A ⊆ Λ∗.

A structure
A =

(
A,Pn00 , . . . ,P

nk
k , f

m0
0 , . . . , f ntt

)
is automatic if

– A is FA-recognisable
– L(Pnii ) is FA-recognisable
– L(Graph(fmj

j )) is FA-recognisable
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when is a group automatic (in this sense)?

Khoussainov and Nerode 1995 [1]: the first-order theory of any
automatic structure is decidable. In particular, if a group G is
automatic (in this sense), its first order theory is decidable.

Oliver, Thomas 2005 [2]: A finitely generated group is automatic (in
this sense) if and only if it is virtually abelian.

So, maybe, this definition for finitely generated groups is too
restrictive.
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cayley graph

The Cayley graph for a group G with respect to a finite generating set
S is the directed graph Γ(G, S) with vertex set G and directed edges
(g,h) labeled s ∈ S whenever h =G gs.
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cayley graph

Since we know how to encode labeled graphs as structures, we can
encode the Cayley graph Γ(G, S) as a structure

C =
(
A, E2s1 , . . . , E

2
sk
)

where

– A are the labels of the vertices of the graph (in bijection with G)
– E2si = {(u, v) | u, v ∈ A and the label of (x, y) is si ∈ S}.

How should we label the vertices? We could call each one g1,g2, . . .

Or, we could choose some alphabet Λ and a bijection G← A ⊆ Λ∗

One choice for Λ would be a generating set, and A some nice normal
form over this generating set. But we don’t have to.

10/38



cayley automatic

Definition (Kharlampovich, Khoussainov, Miasnikov [3])
Let G be a group, S a (finite) generating set for G, and Λ some
alphabet.

We say (G, S,Λ) has a Cayley automatic structure if

– A ⊆ Λ∗ is in bijection with G (ψ : A → G)

– the Cayley graph
(
A, E2λ1 , . . . , E

2
λk

)
is an automatic structure

In other words: A is FA-recognisable, and for each si ∈ S the set
{u⊗ v | u, v ∈ A, ψ(v) =G ψ(u)si} is FA-recognisable.
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example

Let G = C2 ∗ C3 be the free product 〈a,b | a2 = b3 = 1〉 with generating
set S = {a,b}.

Let A = {(a)bi1a . . .abik(a) | ij = 1, 2} ⊆ S∗.

Then A,Graph(E2a),Graph(E2b) are FA-recognisable:
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example
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example

Let H be the discrete Heisenberg group: matrices

1 x z
0 1 y
0 0 1

 with
multiplication; generated by a =

1 1 0
0 1 0
0 0 1

 and b =

1 0 0
0 1 1
0 0 1

.
Represent elements: write x, y, z in binary, then (eg
x = 10102, y = −112, z = 1012:)

+

−
−


11
1


01
0


1$
1


0$
$


Then Λ is the alphabet of these “columns”.

Checking multiplication by a,b generator matrices is easy.
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history

In the 1980s Thurston, Epstein, Cannon, Holt et. al. defined the
notion of an automatic group: (G, S) has an automatic structure if

– A ⊆ S∗ is a regular language in bijection with G
– for each si ∈ S the set {u⊗ v | u, v ∈ A, v =G usi} is regular
(FA-recognisable)

Facts about automatic:

– independent of choice of finite generating set;
– automatic groups are finitely presented, have quadratic Dehn
function, type F∞;

– quadratic time algorithm to compute normal forms (input:
w ∈ S∗, output: u ∈ A,u =G w)

– quadratic time word problem
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history

[4]
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history ctd.

1995: Khoussainov and Nerode [1] initiated the theory of (general)
automatic structures, motivated by logic.

[3] There are many natural examples of automatic structures: some
fragments of the arithmetic, such as (N; +), state spaces of computer
programs, the linear order of the rational numbers, the configuration
spaces of Turing machines. However, not that many groups are
automatic in this sense. 2

2011: Kharlampovich, Khoussainov, and Miasnikov gave the definition
of Cayley automatic above.

The difference with automatic is that the alphabet Λ is not
necessarily a generating set.

2we already saw: f.g. automatic iff virtually abelian
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history ctd.

Facts about Cayley automatic:

– independent of choice of finite generating set;
– finitely presented, quadratic Dehn function, type F∞;
– quadratic time algorithm to compute normal forms (input:
w ∈ S∗, output: u ∈ A, ψ(u) =G w)

– quadratic time word problem

Examples:

– nilpotent groups of class at most 2 (so far) [3]
– Baumslag-Solitar groups [5]
– Wreath products G o H where G is Cayley automatic and H is
virtually cyclic [6]
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geometry

(Thurston) automatic groups enjoy some nice geometric properties:

If (u, v) is accepted by an NFA checking E2s , then the paths labeled
u, v in Γ(G, S) from the identity vertex end an edge labeled s apart.

At any time synchronously reading them, there is a path of length at
most |NFA(E2s)| inside the NFA to an accept state. This path
corresponds to two short paths in Γ(G, S):

(draw picture)
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geometry

So (Thurston) automatic can be characterised as follows.

Proposition
(G, S) is (Thurston) automatic if and only if

• there is a regular language L ⊆ S∗ bijecting to G
• there is a constant k such that every pair of words u, v ∈ L
ending an edge apart synchronously k-fellow travel.

This is not the case for Cayley automatic – Λ words have “nothing to
do with the group” so we can’t talk about paths in any Cayley graph.

. . . or can we?
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geometry

Actually we can – artificially assign group elements to letters of Λ, the
we have paths in Γ(G, S ∪ Λ). However, the endpoint of a Λ-word in
this Cayley graph is not necessarily the group element it represents!

See [7, 6] for some interesting work on this: quantifying how far a
Cayley automatic group is from an automatic one.
(For today I choose to press on and leave this for the interested listener to check out).
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new generalisations: semiautomatic

Jain, Khoussainov, Stephan, Teng and Zou 2014 [8]: a structure
(A,P1, . . .Pn;Q1, . . . ,Qm) semiautomatic if A and L(Pi) are
FA-recogonisable and

L(Qi) ∩ {(a1, . . . ,ap, . . .ak) | ap ∈ A}

(set of tuples satisfying the relation Qi with but all but one
coordinate fixed) is FA-recogonisable. 3

– (A, ◦; =)

– (A,=; ◦)
– (A; ◦,=)

Jain, Khoussainov, Stephan, 2018 [9]: nilpotent groups class 3 are
semiautomatic with structure (A; ◦,=).

3technical point: ◦ here is considered as a function not relation
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new generalisations: semiautomatic

4

And the same algorithm to compute (some) A-representative for an
input string of generators, in quadratic time, still works.

4Sourced from: the internet
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new generalisations: c-graph automatic

Taback and Younes wanted to prove that Thompson’s group F is
Cayley automatic.

Pros: lots of nice “symbol” ways to represent it (tree pairs, etc)

Cons: recognising that two trees have the same number of leaves,
needs some memory.
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new generalisations: c-graph automatic

Definition ( E, Taback 2014 [10])
Let B, C be formal language classes (regular, context-free, k-counter,
indexed etc.), G a group with finite generating set S, and Λ an
alphabet.

We say (G, S,Λ) has a B, C-graph automatic structure if

– A ⊆ Λ∗ is a language in the class B
– ψ : A→ G is a bijection
– for each si ∈ S the language {u⊗ v | u, v ∈ A, ψ(v) =G usi} is in
the class C.

Immediate: If C is closed under homomorphism, then a (B, C)-graph
automatic group is (C, C)-graph automatic.
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new generalisations: c-graph automatic

Taback and Younes [11]: F is 3-counter graph automatic, where the
language of normal forms encodes elements as tree-pairs. 5

Elder and Taback [12]: F is 1-counter graph automatic, where the
language of normal forms encodes elements as words over an
infinite generating set. 6

Elder and Taback [10]: k-counter graph automatic: compute normal
forms in time O(n2k+2).

5normal form is 2-counter, 3 for multiplication
6normal form is regular, 1 counter for multiplication
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position-faithful one-tape turing machine

A position-faithful one-tape Turing machine is a Turing machine
which uses a semi-infinite tape (infinite in one direction only) with
the left-most position containing the special symbol � which only
occurs at this position and cannot be modified.

The initial configuration of the tape is �x�∞, where � is a special
blank symbol, and x ∈ Σ∗ for some alphabet Σ with Σ ∩ {�,�} = ∅.

During the computation the Turing machine operates as usual,
reading and writing cells to the right of the � symbol.
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position-faithful

A function f : Σ∗ → Σ∗ is said to be computed by a position-faithful
one-tape Turing machine, if

when started with tape content being �x�∞, the head initially being
at �,

the Turing machine eventually reaches an accepting state (and
halts), with the tape content starting with �f (x)�. There is no
restriction on the output beyond the first appearance of �.
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position faithful

Case, Jain, Seah and Stephan [13]: TFAE

• automatic functions f : Σ∗ → Σ∗;
• functions f : Σ∗ → Σ∗ computed in linear time by a
deterministic position-faithful one-tape Turing machine.

• functions f : Σ∗ → Σ∗ computed in linear time by a
nondeterministic position-faithful one-tape Turing machine.

“thus the automatic functions coincide with the smallest reasonable
time complexity class for functions” [9].
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p.f. linear time computable

We say that a function f : Σ∗ → Σ∗ is position-faithful (p.f.)
linear-time computable if it is computed by a (deterministic)
position-faithful one-tape Turing machine in linear time.

By the equivalence above f : Σ∗ → Σ∗ is p.f. linear-time computable
if and only if it is automatic.
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position faithful

We note that the requirements of being one-tape and
position-faithful matter.

Eg ([13, p. 4]): a function which takes input w ∈ Σ and outputs the
binary string v ∈ {0, 1}∗ where w = uvxy with u ∈ (Σ \ {0, 1})∗,
x ∈ Σ \ {0, 1}.

An ordinary semi-infinite single tape Turing machine can easily
compute this in linear time: simply move the read head to the first
occurrence of 0, 1 on the tape (or replace all cells u, x, y by blank
symbols, depending on the Turing machine model).

The position-faithful model is not able to perform this function in
linear time: it would have to somehow copy the contents of the cells
containing v forwards so that they start after the � symbol, but this
would involve at least O(|u|2) steps.
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new generalisations: c-cayley p.f. linear time computable

Putting this characterisation of automatic function, together with the
idea of using more powerful language class, we came up with this:

Definition (Berdinsky, E, Kruengthomya 2020 [14])
We say that the group G is C-Cayley p.f. linear-time computable if
there exists

– a language L ⊆ Σ∗ from the class C over some finite alphabet Σ,
– a bijective mapping ψ : L→ G between the language L and the
group G, and

– p.f. linear-time computable functions fi : Σ∗ → Σ∗ such that
fi(L) ⊆ L and for every w ∈ L: ψ(fi(w)) = ψ(w)si, for all
i = 1, . . . ,n.
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results

1. the family of Cayley p.f. linear–time computable groups
comprises all f.g. subgroups of GL(n,Q); in particular, it includes
all polycyclic groups.

2. quadratic time normal form algorithm (as before)

3. independent of finite generating set (as before)
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new generalisations: c-cayley poly time computable

Definition (Berdinsky, E, Kruengthomya 2020 [14])
We say that the group G is C-Cayley p.f. polynomial-time
computable if there exists

– a language L ⊆ Σ∗ from the class C over some finite alphabet Σ,
– a bijective mapping ψ : L→ G between the language L and the
group G, and

– polynomial-time computable functions fi : Σ∗ → Σ∗ such that
fi(L) ⊆ L and for every w ∈ L: ψ(fi(w)) = ψ(w)si, for all
i = 1, . . . ,n.

34/38



results

1. F is REG–Cayley polynomial–time (the 1-counter graph automatic
structure above has normal form regular, and 1-counter needed
only to check multiplication (by x1))

2. all finitely generated nilpotent groups are REG–Cayley
polynomial–time computable

3. assuming “quasigeodesic normal form”, quadratic time normal
form algorithm (as before)

4. independent of finite generating set (as before)

5. if C-pf linear/poly time then C is a subset of the RE languages
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example

Eg: (RE\REC)-p.f. linear-time computable group:

There exists a f.g. subgroup H 6 F2 × F2 with undecidable
membership problem (Mihalova [15]): given a word w over some
generating set of F2 × F2, decide whether π(w) is an element of H.

Let ψ : L→ F2 × F2 be a Cayley p.f. linear–time computable
representation of F2 × F2 (e.g., take the (Thurston) automatic
structure for it).

Let L′ = ψ−1(H) and ψ′ : L′ → H be the restriction of ψ onto L′:
ψ′ = ψ|L′ .

One can then prove that ψ′ : L′ → H is a C-Cayley p.f. linear–time
computable representation of H, where C is some language class
containing L′ (by above theorem it is contained in RE)
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example

If L′ is recursive, then the algorithm solving membership problem for
H is as follows.

For a given word w over some generating set of F2 × F2 we first find
the string u ∈ L for which ψ(u) = π(w) in F2 × F2

and then verify whether u is in the language L′ or not. Therefore,
assuming that L′ is recursive, we get that the membership problem
for the subgroup H 6 F2 × F2 must be decidable, which leads to a
contradiction.

Therefore, L′ is not a recursive language.
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